Conserved currents and related superpotentials for perturbations on arbitrary backgrounds in the Lovelock theory are constructed. We use the field-theoretical method where perturbations are considered as dynamical fields propagating on a given background. Such a formulation is exact (not approximate) and equivalent to the theory in the original metric form. From the start, with making the use of the Noether theorem, we derive the Noether-Klein identities and adopt them for the goals of the work.
Introduction
In the present paper, we continue to construct conserved quantities for perturbations on a fixed background in the framework of the programm started in [1] [2] [3] for the Einstein-GaussBonnet (EGB) gravity. The program develops three approaches simultaneously. They are so-called 1) canonical method based on a direct application of the Noether theorem (for 4-dimensional general relativity (4D GR) see [4] ); 2) Belinfante symmetrization method (for 4D GR see [5] ; 3) field-theoretical method. A short review of the last in 4D GR is as follows.
The approach begins from the linearization of the gravitational equations, then all the other terms are treated as an effective energy-momentum, which is a source for the linear part (see, for example, the book [6] ). This picture has been recreated in the form of the Lagrangian based field theory for metrical perturbations on a flat background by Deser [7] . Later, the Deser derivation has been developed for arbitrary curved backgrounds [8] [9] [10] , and with expressions for superpotentials [11] . A review [12] and the book [13] can be recommended for all the three approaches both in 4D GR and in arbitrary D-dimensional metric theories.
We are based on the well known form of conservation laws, where a conserved current is expressed through a divergence of a correspondent superpotential. In literature, as a rule, the main attention is paid to constructing superpotentials. They give a possibility to describe global characteristics of physical systems such as conserved charges, quasi-local quantities [14] , etc. Following this necessity, in [1] , we have suggested superpotentials of all the three kinds in the EGB gravity in the most general form. They are constructed for arbitrary perturbations on arbitrary curved backgrounds in the exact (without approximations) form.
Currents, unlike superpotentials, describe local properties of the systems. However, for the best of our knowledge, local characteristics usually are described by energy-momentum complexes only. Frequently it is not enough, at least, if perturbations are propagated in a curved background spacetime. Thus, one needs in constructing conserved covariant currents for perturbations based on the Noether theorems. Such currents have to have the full structure where the background effects are taken into account, angular momenta can be calculated, etc. Concerning the EGB gravity, we have tried, although particulary, to close this gap. Already, in [3] , we have constructed the currents of the two types, canonical and the Belinfante corrected, corresponding to the superpotentials of the related types in [1] .
These new conserved quantities in EGB gravity have been tested and applied [1] [2] [3] as well.
To continue the program it is necessary to construct currents of the third type, that is in the framework of the field-theoretical approach, for perturbations in the EGB gravity.
Already, in the book [13] we have suggested the general principles of constructing such currents. Here, we develop them in detail. Moreover, in the present paper, we construct conserved currents (paying them a detailed attention) and superpotentials in the Lovelock the theory [15] of an arbitrary order, more general than the EGB gravity which is the Lovelock theory of the second order. To demonstrate a power of the new expressions for conserved quantities we calculate the mass of the Schwarzschild-anti-de Sitter black hole in the Lovelock theory in arbitrary D dimensions.
The paper is organized as follows. In section 2, we present the main properties of the field-theoretical reformulation of an arbitrary metric theory. In section 3, with making the use of the Noether theorem, we derive the Noether-Klein identities [16] and adopt them for the direct application in the field-theoretical formulation of the Lovelock theory. In section 4, the results of section 3 are used to construct conserved currents, conserved energy-momentum tensors and related superpotentials in the framework of the Lovelock theory in general form without structured expressions. In section 5, we concretize expressions for currents and superpotentials for the Lovelock theory for perturbations on arbitrary backgrounds. In section 6, we present currents and superpotentials for the Lovelock theory for perturbations on anti-de Sitter backgrounds, and, as an application, calculate mass of the Schwarzschildanti-de Sitter black hole.
At last, we introduce primary notations. 
-the Lie derivative of the quantity ψ A along the vector field
is a permutation linear operator depending on the transformation properties of ψ A , for example, for the tensor density ψ
The field-theoretical approach in metric theories
Following [8, 17] , we present the main principles for constructing a field-theoretical reformulation of metric theories, which are necessary here. Consider a D-dimensional metric theory with the Lagrangian:
with a pure metric part L g . The independent metric variable g a is thought as a one defined in the set 4) where the background Lagrangian is defined by the barred procedure in
Analogously, background matter equations have a place as well. We set that the background fieldsḡ a andΦ A satisfy the background equations, and, thus are known (fixed).
The system (2.3) is a perturbed one with respect to (2.4) . From the start, to describe an evolution of (2.3) on the background of (2.4), we decompose metric and matter variables in (2.1) onto the background (barred) parts and the dynamic variables (perturbations) h a and
We present the perturbed system by the Lagrangian that we call as a dynamical one as related to the dynamical fields h a and φ A :
The background equations should not be taken into account before variation of L dyn with respect toḡ a and Φ A . Using the evident property, say, for the gravitational variables, δL(ḡ + h,Φ + φ)/δḡ a = δL(ḡ + h,Φ + φ)/δh a , the gravitational equations of motion related to the Lagrangian (2.7)
are presented as δL
It is clear that they are equivalent to the equations (2.3) if the background equations (2.4) hold.
Defining a generalized metric energy-momentum as 
The right hand side in (2.10) is a total symmetric (metric) energy-momentum tensor density of the perturbations h a and φ A and is defined by the standard variation of (2.7) (2.14) , and into the right hand side of (2.10), respectively. As a rule, such a difference is not important for calculating conserved quantities for static solutions; it also does not influence, e.g., in calculations in quantum gravity [18] . However, a difference in the second order becomes important, for example, in a real calculation for a radiating isolated system in 4D GR. It turns out that only the choice of the metric perturbations
gives, see [5] , the standard Bondi-Sachs momentum [19] ; all the other decompositions, including the popular one h a = g µν −ḡ µν ≡ κ µν , do not.
Covariantized Klein-Noether identities
In this section, we present necessary here identities and their important consequences. We follow the technique that is developing in [1, 3] , see also the book [13] . We start from the Klein-Noether identities following the book [20] for an arbitrary set of fields; then, introducing an external metric field, we covariantize them.
Let the system of fields, set of tensor densities ψ A , be described by the Lagrangian:
including partial derivatives up to the second order. Now, for the Lagrangian (3.1), as a scalar density of the weight +1, we derive the main identity (Noether one):
After the identical transformations the identity (3.2) goes to
In (3.3), the coefficients are defined by the Lagrangian without ambiguities in unique way:
Because ∂ βτ ≡ ∂ β ∂ τ is symmetrical in β and τ one has a symmetrization N σ ατ β = N σ αβτ for the last coefficient.
Opening the identity (3.3) and, since ξ σ , ∂ α ξ σ , ∂ βα ξ σ and ∂ γβα ξ σ are arbitrary at every world point, we equate independently to zero the coefficients at them and obtain the system of the Klein-Noether identities:
These identities are not independent. Indeed, after differentiating (3.8) and using (3.9) and (3.10) one easily finds (3.7).
One can see that the expressions (3.4) -(3.6) and the identities (3.7) -(3.10) are not covariant. On the other hand, the expression in (3.3) is a covariant one in whole, it is a scalar density; the expression under the divergence in (3.3) is a vector density. Thus it seems that the expressions and the identities could be covariantized. Below we provide this, see [16] as well. Let us change partial derivatives of
, where the Christoffel symbols Γ β ρα (and, consequently, the covariant derivative ∇ ρ ) have been constructed with making the use of the external metric g µν . On the other hand, one has to remark that g µν could be included into the set ψ A , although it is not necessary. After that the identity (3.3) is rewritten as
where ∇ βτ ≡ ∇ β ∇ τ and
One can show that these coefficients are covariant, see [16] . Besides, in [16] we have shown that there are also different ways in definition of coefficients, like (3.12), (3.13) and (3.14).
Here, however, we use namely the form (3.12), (3.13) and (3.14). The identity (3.11) can be rewritten in the form of the differential conservation law: 15) where the current can be rewritten as Now, opening the identity (3.15) and, equating independently to zero the coefficients at
we get a set of identities, which reformulates the system (3.7) -(3.10):
These identities are not independent, the same as (3.7) -(3.10). After differentiating (3.19) and using (3.20) and (3.21) one easily finds (3.18). Since (3.15) is identically satisfied, the current (3.16) must be a divergence of a superpotential i αβ , antisymmetrical tensor density,
Indeed, substituting u σ α from (3.19) into the current (3.16), using (3.20) and algebraic properties of n σ αβγ and R α βρσ we reconstruct (3.16) into the form (3.22) , where the superpotential is
It is explicitly antisymmetric in α and β. Of course, the differential conservation law (3.15) follows from (3.22).
For our goals to construct conserved quantities for perturbations in the Lovelock theory it will be useful to concretize the Lagrangian (3.1) as (3.25) with the evident symmetries
Because the second derivatives of g πσ are incorporated into the Riemannian tensor linearly we conclude that the quantity (3.25) is covariant automatically. Then, making the use of the definitions for the coefficients (3.4) -(3.6) and (3.12) -(3.14), the identities (3.10) and (3.21), the quantity (3.25) and its symmetries (3.26) we can rewrite (3.12) -(3.14) for the Lagrangian (3.24) as
One can see that all the expressions (3.27) -(3.29) are covariant, and, of course, they have to satisfy the identities (3.19) -(3.21). Now, with making the use of (3.27) -(3.29) we represent the current (3.16) -(3.17) and the superpotential (3.23) for the Lagrangians (3.24) as
Due to the symmetry in (3.28) m-term disappears from the current, see (3.16) and (3.30).
Besides, it is nice property that the expressions for the superpotential (3.32) depends essentially on the quantity (3.25) only.
Let us illustrate the results of this section for the case of absence of h a in (3.24) . In this case, the Lagrangian (3.24), in principle, can describe not only the Lovelock theory, but such theories, like quadratic in curvature gravities (see, for example, [21, 22] ), or the f (R) gravities (see [23] ). Then the superpotential (3.32) can be interpreted as a generalization of the well known Komar superpotential [24] . Indeed, let the Lagrangian (3.24) be the Hilbert
Then the quantity (3.25) acquires the form: 34) and the superpotential (3.32) becomes the Komar superpotential [24] :
See also [25, 26] 
Lovelock theory: Currents and superpotentials of general form
In the present section, we use the identities of the above section to construct currents and superpotentials in metric theories in the field-theoretical formulation with (2.7). The way of our study is based on the examination of the part of the Lagrangian (2.7), namely, 
Here, the definition (2.11) for G Lµ σ has been taken into account. Remark also, that this formula could be obtained following the method in [27] , however, the use of the identities (3.18) -(3.21) is more clear and simple.
Next, substituting the concrete expression for the Lagrangian (4.1) into the current expression (3.30), one obtains
where, as usual, the coefficient θ σ µ at ξ σ is interpreted as the energy momentum, 
At the moment, formally the energy-momentum (4.5) is related to the auxiliary Lagrangian Of course, the current (4.3) is identically conserved: However, both (4.6) and (4.7) are the identities only, not more. To make them physically sensible conservation laws one needs to use the field equations. Thus, after using (2.10) the energy-momentum (4.4) transforms to
Let us interpret this expression. The first term is the energy-momentum for a free gravitational field related to the gravitational part of the Lagrangian (2.7); the second term is the energy-momentum for matter fields related to the matter part of the Lagrangian (2.7); the last term describes interaction of the gravitational field with a background; however, it is not clear from here the role of the third term. where δT µν = T µν −T µν describes a perturbation of the matter energy-momentum of the gravity theory in (2.3) with respect to the background one in (2.4). Of course, if we examine a concrete solution, we can use the energy-momentum (4.5), instead of (4.9) as well:
.
(4.10)
Now let us turn to the current (4.3) that transforms to 11) and the identity (4.6) transforms to the physically sensible conservation law:
Next, if we use a concrete solution, we can consider the superpotential in (4.7) in the same form, but related to a concrete solution only. Then 13) and the identity (4.7) transforms to the physically sensible conservation law:
All the above has been constructed for arbitrary backgrounds, even non-vacuum ones.
However, the case of a vacuum background,
has a special interest, and we describe this below. Then, the field equations (2.10) go to 
Assuming arbitrary Killing vectors ξ α =ξ α in the identity (4.6), one obtains the identitȳ
under the conditions (4.15). Then, from the field equations (4.16) the evident result,
follows.
Arbitrary curved backgrounds
In this section, we concretize the results of the above sections to derive in the explicit expressions the field-theoretical reformulation of the Lovelock gravity with related conserved currents and superpotentials. Let us derive the Lagrangian (2.1) in the full Lovelock theory:
is a square of (D − 2)-dimensional sphere with unite radius. The Lovelock Lagrangian [15] itself is
where α p are constants, m = n for even dimensions D = 2n and for odd dimensions D = 2n − 1. The totally-antisymmetric Kronecker delta is 
Therefore we derive the field equations related to (5.1) as varied with respect to g ρσ with lower indeces:
As before, we do not concretize the matter sources both in ( 
From here we derive the other necessary and key expression that is the quantity (3.25) calculated for the Lagrangian (5.6):
Here, the quantity
has been obtained after differentiating the Riemannian tensorR πστ κ with respect toḡ ρλ,µν and using the index symmetry under the contraction.
In the framework of the Lovelock gravity, the quantity (5.7) is essential 1) to derive the linear operator (4.2):
+ ω 
AdS backgrounds
One of more popular solutions to the equations of the Lovelock gravity is the global maximally symmetric spacetimes with a negative constant curvature -anti-de Sitter (AdS) space.
Therefore, it is very important to construct conserved quantities for arbitrary perturbations on such backgrounds. It is a one task of the present section. The other task, basing on the new formulae, to calculate the mass for a static black hole with the AdS asymptotic in the Lovelock gravity.
Thus, we consider the equations (5.5) as background equations under the vacuum condition (4.15):
The AdS space with the Riemannian tensor
satisfies the equations (6.1), for which effective cosmological constant is chosen as
3)
The effective AdS radius is defined by the vacuum equations (6.1) under the condition (6.2):
To describe a spacetime with the curvature tensor (6.2) we can use the metric: 6) and the last term in (6.5) describes (D − 2)-dimensional sphere of the radius r, and q ab depends on coordinates on the sphere only. The Christoffel symbols corresponding (6.5) arē
where ∂f /∂r =f ′ .
The unique key expression in constructing conserved quantities for perturbations (5.4) on vacuum backgrounds in the Lovelock gravity is (5.7). Let us derive it taking into account the condition (6.2) for the AdS background. From the beginning let us calculate the first term from the sum in (5.7) that corresponds to the Einstein part of the Lovelock Lagrangian.
It is
Now, keeping in mind this expression and the condition (6.2), and making the use of the relation for a contraction of indices in the Kronecker delta,
we obtain for (5.7):
One easily finds (in this relation, see [28] ) that the expression in square brackets is defined by the differentiation of (6.4):
The expression (6.10) shows that all the quantities (5.9) -(5.13), if they are constructed for the AdS background that is the vacuum one, are proportional to the factor (6.11). The role of the coefficient (6.11) is discussed in detail at the end of the present section. Now, with making the use of (6.10) with (6.8) we derive the next important quantities.
First, the linear operator (5.9) under the condition (6.2) acquires the form:
Second, the same expression (6.12) divided by κ is related to the energy-momentum τ and with z-term (5.12) that can be easily found as well. Third, for (6.10) with (6.8) the superpotential (5.13) acquires the concrete form:
To apply the above results we consider static black holes in the Lovelock gravity. To have concrete formulae for the solution we use the presentation given in [29] . As usual, a static black hole solution is given by the metric 15) where f satisfies the equation
that is a result of integration of the rr-component of the Lovelock gravity vacuum equations with the constant of integration µ. For the black hole solution one can find the event horizon r + that is the largest solution of the equation f (r + ) = 0. In [29] it is shown that the asymptotic behaviour of f at r → ∞ is
(6.17)
Comparing it with (6.6), one gets
As a result, for the perturbations (5.4) one has κ 00 ∼ −∆f,
in the necessary order of approximation.
To calculate the mass for the black hole solution (6.15) with the AdS asymptotic (6.5) one has to use the Killing vectorξ α = {−1, 0, 0, 0} and 01-component of the superpotential (6.14) with necessary order of approximation for the perturbations (6.19) . Thus with making the use of (6.7) we obtain
Then, substituting (6.18) and taking into account √ −ḡ = r D−2 √ q ij , one obtains for the
It is the standard accepted result obtained with using the various approaches in various D-dimensional modifications of GR: for example, in [30] with using the Hamiltonian approach and constructing related surface terms in the EGB gravity; in [31] in Chern-Simons and Lovelock gravity; in [32] in higher curvature gravitational theories; in [21, 22] in the quadratic in curvature gravities with applying the field-theoretical technique; in [33] in the EGB gravity with using canonical approach developed in [4] , etc, and numerous references therein. Especial attention one has to pay to the result (6.21) obtained in [29] with using the technique of counterterms, see, for example, [34] [35] [36] and references therein.
At last, let us discuss the role of the coefficient (6.11) in the above formulae. The case, when V ′ (ℓ −2 ef f ) = 0 is the condition when the AdS background (AdS vacuum) is not degenerated. In this case one can use all the above formulae without obstacles. The case of degenerate AdS vacuum, 22) has been analyzed in detail in [28] , and even degenerate vacuum with a more multiplicity,
ef f ) = 0, etc. In the case of degenerate AdS background (6.22) , the field-theoretical current (5.10) and superpotential (5.13) become zero for arbitrary perturbations. This can mean that they cannot describe a physical situation or a degenerate background is not physical. The linear operator (6.12) becomes zero as well. Consequently the total energy-momentum for perturbations at the right hand side of (4.16) disappears also. This could be interpreted that the matter energy-momentum is compensated by the pure gravitational energy-momentum.
Such a situation looks as strange, however, it is acceptable conclusion when the total energy of the closed Friedman world is equalized to zero where the matter energy is compensated by the gravitational energy [37] . In the case of absence of matter in (4.16), the energymomentum of the metric perturbations must to be equal to zero that can be interpreted as the absence of gravitons! Such a situation discussed in detail in the EGB gravity in the paper [1] , where the analogous to (6.22) condition has been analyzed without definite conclusions in the framework of various approaches, not only in the field-theoretical one.
It seems that in the case of calculating the charge (6.21) of the Lovelock black hole the degeneracy condition (6.22) does not bring a problem because the degeneracy coefficient is cancelled in (6.20) . It is not so, indeed, in [28] the authors show that for the degenerate AdS background the approximation (6.17) does not hold: it has a slower fall-off and other coefficients. Thus, in the case of the degeneracy condition (6.22), the field-theoretical approach has no a well-defined charge for the Lovelock black hole. In this relation it is important to turn to the study in [28] , where the authors develop the definition of the conformal mass within a given AdS branch of a Lovelock gravity. The notion of conformal mass has been elaborated for Einstein gravity in [38, 39] ), where conserved quantities in asymptotically AdS spaces are encoded in the Weyl tensor, it is quite natural as it is a tensor that captures the conformal properties of the spacetime. So, in [28] conserved charges have been obtained with making the use of the counterterm technique [34] [35] [36] . The charges turn to be proportional to the electric part of the Weyl tensor with the factor of proportionality as the degeneracy condition. Thus, the conformal mass is well-defined in the case of absence of the degeneracy, and has the obstruction in the degenerate case, the same as in our above formulae. The authors of [28] conclude that this fact reflects an obstruction to the linearization of the theory.
As a consequence, in the degenerate case, the information on the black hole mass has to be contained in non-linear terms of the boundary energy-momentum tensor.
Discussion
The popularity of the Lovelock theory has been arisen last two-three decades significantly.
The most attention was paid to constructing black hole solutions of very different kinds and to studying stability and thermodynamic properties of such solutions, see, for example, [40] [41] [42] [43] and numerous references therein. Less attention has been given to the study of cosmological solutions in the framework of the Lovelock theory, see, for example, [44] . We sure that the results of the present paper can be useful for analyzing such numerous solutions (sometimes exotic ones) and we plan this for the future.
To stress the importance of the field-theoretical method let us recall some its developments and applications. Derivation of the field equations in arbitrary D-dimensional gravity theories was suggested a lot of time ago [17] . In the series of works [21, 22, [45] [46] [47] Deser and Tekin, and their coauthors develop a construction of conserved charges for perturbations about vacua in metric of higher curvature gravity theories in D dimensions. They apply the Abbott and Deser procedure in 4D GR [11] . The wide development and review of these results one can find in the Chaper 9 of the book [13] and references there in. The series of the works [48] [49] [50] [51] develops a derivation of cosmological perturbations on the basis of the field-theoretical method that is in detail reflected in the Chaper 5 of the book [13] .
We remark again that the technique of the present paper essentially is based on the using the auxiliary Lagrangians of the type (4.1). It is important that L 1 depends not more than of second derivatives of the background metric. Because the right hand site of (4.1) includes the Lagrangian derivative of the Lagrangian theory it can be the Lovelock theory.
Of course, for arbitrary higher curvature gravity theories in D dimensions, like quadratic gravity, see [21, 22] , or the f (R) theory, see [23] , application of the field-theoretical method that is given here is possible. However the remarkable picture of the expressions (5.10) and (5.13) is destroyed. Indeed, for more complicated theories the right hand site of (4.1) will be depended on even fourth derivatives of the background metric, one will need in significantly more complicated Klien-Noether systems of identities than (3.18) -(3.21), and then only the quantity, like (3.25), is not enough to describe the system. At last, let us turn to a possibility to choose different dynamic metric variables, like in (2.2), with a corresponding definition of perturbation (2.5). The difference is not important for calculating conserved quantities for static solutions. Therefore we use (5.4) as more simple for calculations in section 5. It was shown in 4D GR that for a radiating isolated system a different choice of the metric perturbations gives, see [5] , different results for the Bondi-Sachs momentum [19] . Thus, it would be useful to apply the results of the present paper with different choices of perturbations to analyze radiating solutions in the Lovelock theory, for example, solutions in [52] . Moreover, the explicit expression for the current, like (5.10), can be effectively applied to examine the fluxes in radiating solutions. We plan this for the future as well.
